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Correlated Topological Insulators and the Fractional Magnetoelectric Effect 
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Topological insulators are characterized by the presence of gapless surface modes protected by 
time-reversal symmetry. In three space dimensions the magnetoelectric response is described in 
terms of a bulk 6 term for the electromagnetic field. Here we construct theoretical examples of 
such phases that cannot be smoothly connected to any band insulator. Such correlated topological 
insulators admit the possibility of fractional magnetoelectric response described by fractional O/n. 
We show that fractional O/n is only possible in a gapped time reversal invariant system of bosons or 
fermions if the system also has deconfined fractional excitations and associated degenerate ground 
states on topologically non-trivial spaces. We illustrate this result with a concrete example of a time 
reversal symmetric topological insulator of correlated bosons with 6 = ^. Extensions to electronic 
fractional topological insulators are briefly described. 



Topological insulators are insulating phases of matter 
that enjoy gapless surface modes protected by time re- 
versal invariance [l|, y]- For non- interacting electrons, 
these states can be characterized in terms of the non- 
trivial topology of their band structure [3|-|5[ . Since the 
original theoretical proposals, experimental evidence sup- 
porting the existence of such states has accumulated in 
a number of materials [l|, y, la lZ| . At the current the- 
oretical frontier is the extension of these phenomena to 
interacting systems, where a characterization in terms of 
band structure is insufficient [8|, Q • To that end a useful 
alternative characterization (for 31? materials) in terms 
of the response to an external electromagnetic field has 
been proposed that makes use of the 9 term j;§^E ■ B 



[lot [ll[. Non-interacting fermionic topological insula- 
tors have 6 ^ TT mod 2n while trivial insulators have 
= mod 27r. 

In this paper we study time reversal symmetric topo- 
logical insulating phases that cannot be smoothly con- 
nected to any band insulator. We focus specifically on 
two questions. First, is there a fractional generalization 
of the non-interacting topological insulator characterized 
by fractional — while preserving time reversal symmetry? 
This question was raised very recently in an interesting 
paper [12| , although the details of the example suggested 
in that work are problematic, as we discuss below. Sec- 
ond, can a system of repulsively interacting bosons form a 
time reversal symmetric topological insulator with a non- 
zero 97 As bosons cannot form a band insulator, such a 
phase, if it exists, is necessarily stabilized by interaction 
effects. A positive answer in either case implies the exis- 
tence of time reversal protected gapless surface states at 
an interface with a region with 6 = 0. Indeed, these gap- 
less degrees of freedom are needed to 'cancel' the naive 
time reversal non-invariance of a spatially varying 9 in 
the interface region. 

In this paper we will answer both questions. We 
first show quite generally that a time reversal symmetric 
fractional-^/TT topological insulator that is gapped in the 
bulk necessarily has deconfined fractionalized excitations. 
The presence of such excitations is signaled by the exis- 



tence of a kind of topological order familiar from previ- 
ous work on gapped fractionalized phases in two or more 
dimensions [13l |. One consequence is non-trivial ground 
state degeneracy on topologically non-trivial spaces. We 
illustrate this by constructing an example of a fractional 
topological insulator of bosons which has 9 = j. This 
phase has fractionalized charge 1/2 excitations with a 
bulk gap and string-like vortex excitations. These exci- 
tations are described in terms of a deconfined Z2 gauge 
theory in 3 -I- 1 dimensions. The system also has degen- 
erate ground states on a closed topologically non-trivial 
space and time reversal protected gapless surface states. 

Our construction is readily generalized to describe frac- 
tional electronic topological insulators. Furthermore, the 
bosonic topological insulator can be simply reinterpreted 
as a construction of a time reversal symmetric topolog- 
ical spin insulator of quantum magnets which conserve 
one component of the spin. We will briefly mention these 
generalizations toward the end of the paper. 

We begin by considering a time reversal invariant in- 
sulator of bosons or fermions in 3 -|- 1 dimensions with a 
gap for all excitations. We further assume that the low 
energy theory contains a non-zero 9 term in the response 
to an external electromagnetic field that couples to the 
conserved particle number. With these assumptions we 
will show that a unique ground state on the three dimen- 
sional torus T3 implies 9 = tt. 

The 9 term takes the form 



Se = —— f d^xdtE■B=— — 
2^T2^T 27r 4tt 



FAF. 



(1) 



The normalization is chosen so that 9 is 27r periodic. 
There will also be a Maxwell-like term in the effective ac- 
tion, but this term is time reversal symmetric, and only 
the 9 term is potentially dangerous to time reversal sym- 
metry. The ground state to ground state amplitude is 
well defined for adiabatic processes because the ground 
state is unique and the gap is finite; it is given by 



Z [E, B]=Cexp(iS0[E,B]Y 



(2) 



Consider a field configuration consisting of a back- 
ground magnetic field in the z direction which is uniform 
in the xy plane. The flux through the non-contractible 
xy two-torus is quantized 



eBz — 27rn, 



(3) 



and we will consider the minimal flux of ^-k je. This flux 
is an allowed low energy configuration if the low energy 
excitations carry only integer charge. Note that we as- 
sume the insulator's unique gapped ground state per- 
sists in the presence of an infinitesimal field. This as- 
sumption is physically reasonable if we allow arbitrary 
time reversal invariant perturbations. In the presence of 
this background magnetic field we insert the same mini- 
mal flux 27r/e through the non-contractible z loop of the 
three torus. Although the Q term is locally a total deriva- 
tive, it contributes to bulk processes involving topolog- 
ically non-trivial background field configurations. The 
ground state to ground state amplitude for this process 
is Z = Cexp(i6'). 

Now this system is time reversal invariant by assump- 
tion, so the response of the system to the time re- 
versed configuration of electric and magnetic fields must 
be the same. The time reverse of the flux insertion 
process we considered still inserts 27r/e flux, but the 
background magnetic flux changes sign to — 27r/e. The 
ground state to ground state amplitude for this process 
is Z = Cexp{—i9). Thus the responses to these time 
reversed processes are only equal ii 9 = n. This proves 
our claim that a bulk gap, time reversal symmetry, and a 
unique ground state on T3 are only consistent with 9 = t: 
or 9 = 0. 

Thus to have a fractional 9 angle in a gapped sys- 
tem, we must either break time reversal or have ground 
state degeneracy on T^ and other topologically non- 
trivial spaces. The latter implies the presence of topo- 
logical order of a kind familiar from the fractional quan- 
tum Hall effect and other fractionalization phenomena in 
space dimensions higher than one [l3|. It goes hand in 
hand with the presence of deconfined fractional excita- 
tions in the bulk. We will now give a detailed construc- 
tion of such a phase in a correlated bosonic system. 

We consider hard-core bosons hopping in 3 -f- 1 dimen- 
sions on a diamond lattice with two sites per unit cell. 
The bosons are taken to be at a commensurate density 
of one boson per unit cell. Our goal is a time reversal in- 
variant fractionalized phase of the bosons where the C/(l) 
boson number symmetry also possesses a non-zero 9 an- 
gle for a background U{1) gauge field. The normalization 
of the charge is fixed by requiring the boson operator br 
to carry charge 1 under the f/(l). We employ a slave 
particle representation and construct a stable mean field 
theory for a topological insulator phase with the desired 



properties. Write this boson as 



1 



br — drldr2 — n^apdradrp 



(4) 



where the two fermions dra carry charge 1/2 under the 
boson number symmetry. a,/3 = 1,2 is a pseudospin 
index so that the da transform as a spinor under pseu- 
dospin SU{2) rotations. We may thus view the boson as 
a pseudospin-singlet 'Cooper pair' of these d fermions. 

As usual in the slave particle approach, this decompo- 
sition of the boson is redundant. Any pseudospin SU{2) 
rotation d,. — > Urdr where dr = {d^i dr2)^ and Ur is an 
arbitrary SU{2) matrix leaves the boson operator invari- 
ant. Because of this local redundancy, any low energy 
description involving the fractionalized "slave" particles 
dra must necessarily include gauge fields. Below we will 
construct a stable mean field theory for a fractionalized 
phase which breaks the SU{2) gauge structure down to 
Z2. Then the true low energy theory of the resulting 
phase will be a Z2 gauge theory. 

We assume a mean-field state for the fermions dra in 
which they form a topological band insulator with the 
a index playing the role usually played by physical spin. 
For concreteness we consider the tightbinding Hamilto- 
nian on the diamond lattice introduced by Fu, Kane, and 
Mele [J| for a strong topological insulator. 
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{rr') 



{{rr')) 



Xrr'dl^T^gdr'n+h.C, (5) 



where {rr') runs over nearest neighbors and {{rr')) 
runs over next nearest neighbors on the diamond lat- 
tice. The "spin-orbit" interaction is defined by A°^, = 



Xe'^'^^nill'n^Z^,^ 



where n 



(l)a 



and n. 



(2)a 



are the nearest 



neighbor bond vectors, with a regarded as a spatial in- 
dex, traversed when hopping from r to the next nearest 
neighbor r'. As shown in jj], by perturbing the near- 
est neighbor hopping i^r' away from uniform hopping we 
may enter a strong topological insulator phase. As the 
mean field Hamiltonian does not conserve any compo- 
nent of the spin, it follows that that the SU{2) gauge 
structure implied by the slave particle representation is 
broken down. Indeed only a Z2 subgroup - corresponding 
to changing the sign of dra - is preserved. As promised, 
the low energy theory of fluctuations about the mean field 
is a Z2 gauge theory. As this admits a deconfined phase 
in 3 spatial dimensions, our mean field ansatz describes a 
stable state of the original boson system. This mean field 
ansatz also provides a wavefunction \il>b) for our bosonic 
fractional topological insulator: 



\^b) = P5=o\^Tl) 



(6) 



Here |'0t/) is simply the Slater determinant wavefunction 
for the strong topological insulator. The operator Pg ^^ 
projects onto the sector with zero pseudospin at each 
lattice site. 



Under a time- reversal transformation Q, the boson b 
remains invariant. How does time-reversal act on the 
slave fermions da ? The specification of how various phys- 
ical symmetries act on the slave particles is part of the 
formulation of the slave-particle theory; any choice is al- 
lowed as long as it is consistent with the transformation 
properties of physical, gauge-invariant operators. In the 
case at hand, it is convenient to choose da to transform as 
ordinary fermions: Qdri — dr2 and Qdr2 — —dri- This 
choice makes the mean-field Hamiltonian of ([5]) mani- 
festly time-reversal invariant and the action of Q on the 
fermions satisfies 0^ = — 1. A different choice would 
make the mean-field Hamiltonian time-reversal invariant 
only up to an SU{2) gauge transformation, but would 
yield the same projected wave function and the same low 
energy physics. 

The resulting low energy theory consists of four bands 
of fermions (two from the two atom unit cell and two 
from the pseudo-spin index) coupled to a Z2 gauge field. 
The Z2 gauge field is in its deconfined phase. The choice 
of one boson per unit cell gives us two emergent fermions 
per unit cell, and these fermions form a topological in- 
sulating state by filling the lower two of the four bands. 
The low energy physics is thus fully gapped in the bulk 
with the quasiparticles carrying charge under a Z2 gauge 
field. Line defects that carry Z2 gauge flux (vison lines) 
will also exist as excitations in the bulk. The fermionic 
quasiparticles carry fractional charge 1/2 under the U{1) 
particle number symmetry. Additionally, these line de- 
fects will carry gapless fermionic states bound to their 
cores [14|- 

With this different minimal charge we may expect 
an interesting 9 angle in the bulk. If the fermions 
carried charge 1 under the U{1) symmetry then upon 
integrating them out we would obtain a 9 term with 
9 (mod 27r) = vr. Since the fermions actually couple with 
fractional charge, repeating the calculation gives a 9 term 
with 9 (mod 27rg^) — q^ir where q = 1/2 is the fermion 
charge. In fact, the d fermions couple to both the Z2 and 
the f/(l) gauge fields, and the result of integrating them 
out is a 6* term for the combined gauge field 5^(7(1) -I- ^Za 
where the Z2 gauge field Az2 comes from the original 
SU{2) gauge structure that was broken by the fermion 
band structure 12, uM, UM ■ 

The appearance of an effectively reduced periodicity 
for the electromagnetic U{1) 9 angle is subtle. Consider 
the theory with 9 = 2-Kq^ = -k 12 on a space without 
boundary. This value of the 9 angle must be effectively 
trivial in a phase with charge 1/2 fractionalized excita- 
tions. The precise meaning of this statement is as follows: 
all physical observables on this closed space, including 
the spectrum of dyons and all Berry's phases, are equiv- 
alent to those of a theory with 6* = 0. In the presence of a 
boundary there is the possibility of surface states, unpro- 
tected by time reversal, equivalent to an integer quantum 
hall state of charge 1/2 fermions, but it remains true that 



all bulk observables depend on 9 mod 2-1^ (^ . 

With q = 1/2 we find 9 = 7r/4 for the background 
t/(l) gauge field. One way to understand the correctness 
of this result is to consider the spectrum of dyons, bound 
states of electric and magnetic charge. In the presence 
of deconfined charge e/2 excitations, the 2-k je monopoles 
become confined and the minimal monopole strength be- 
comes ^niin = 47r/e. The Witten effect attaches charge 
_e_ eg„in g -j-Q -(-j^g minimal monopole [17|. Here the mini- 
mal monopole carries 1/4 extra f/(l) charge due to the 9 
term. This extra charge is precisely half that of the min- 
imal pure electric charge and ensures that the spectnmi 
of dyons is symmetric under time reversal. Another way 
to understand the value of 9 is to consider the surface 
states [ij, |2| . 9 = 7r/4 corresponds to a surface Hall con- 
ductivity oi\^ [Ifll which is precisely what we would 
obtain from a single Dirac cone of charge 1/2 fermions. 

The phase we have constructed has a gap to all exci- 
tations, a fractional 9 angle, and preserves time reversal. 
As we have argued, it must have ground state degeneracy 
on topologically non-trivial spaces such as the three torus 
73. T3 possesses three elementary non-contractible loops 
(1-cycles) corresponding to the x, y, and z circles. By 
moving a Z2 charge around the ith 1-cycle we can detect 
the presence rii = 1 or absence n^ = of a Z2 flux through 
that cycle. Thus the ground states can be labeled by con- 
figurations \ni\ of Z2 fiux through the non-contractible 
loops, and we find a total of 2'^ = 8 states. 

We can also consider the analog of the ground state to 
ground state process considered above. 27r/e monopoles 
are confined in our phase by a string consisting of an odd 
number of Z2 fiux lines. For example, it costs an en- 
ergy of order the linear system size to put a background 
J eBz = 27r flux because of the necessary presence of 
a Z2 fiux line wrapping the system in the z direction. 
However, ^ eBz = 47r is a perfectly allowed low en- 
ergy configuration in accord with the presence of charge 
1/2 excitations. Similarly, inserting J eE^ = 27r fiux 
through the z cycle does not return us the same ground 
state as this process is equivalent to inserting a Z2 flux. 
Note that the phase acquired by the state in this process 
is not gauge invariant or physically meaningful as we have 
not made a closed loop in Hilbert space. Instead, we must 
insert L eE^ = in fiux to return to the same state. The 
time reversed processes of inserting An/e flux in a zLAn/e 
background flux take states to themselves up to a well 
defined phase. These phases are exp {±i49) which with 
9/Tr = 1/4 are equal, consistent with time reversal. 

The phase we have constructed has degenerate ground 
states on topologically non-trivial spaces without bound- 
ary. We can also consider interfaces between different 
phases: the trivial insulator X, the Z2 fractionalized TI* 
phase we have constructed, and a more traditional Z2 
fractionalized phase X* with 9 = 0. Such a phase cor- 
responds to choosing a non-topological insulator band 
structure for the d fermions. There are three kinds of 



interfaces we can construct from these three phases. 

An XjX* interface will not generically have protected 
surface states, although it may admit gapless surface 
states in the presence of additional symmetries. An 
T* jTI* interface will have protected gapless surface 
states just like at an interface between a fermionic topo- 
logical insulator and a trivial band insulator. The only 
remaining question is what happens at an X/TI* inter- 
face? The double "sandwich" interface I/I* /TI* should 
have gapless surface states even as the width of the I* 
region shrinks because the I/I* interface brings no ad- 
ditional gapless states to the I*/7~I* interface. Hence 
we expect an I/7~I* interface to have protected surface 
states. 

The conclusion that we have gapless surface states 
is supported by the presence of the bulk 9 angle. In- 
deed, if the surface of our 7~I* phase is covered with 
a time-reversal breaking perturbation then the bulk 9 
term implies that the surface Hall conductivity is axy = 



(2n-hl)| 



This is effectively the contribution from a 



single Dirac cone, protected in the absence of time rever- 
sal breaking, modulo integer quantum hall states of the 
charge 1/2 fermions. 

One can generalize our construction to provide ex- 
amples of fractionalized fermionic topological insula- 
tors. For example, first fractionalize the physical spinful 
fermion Cra into a fermionic spinon fra and a bosonic 
chargon hr so that Cra — brfra in a Z2 deconfined phase 
while preserving all symmetries. Then put the boson br 
into an interesting state of the type described here with 
fractionalized charge-1/2 fermions that have a topolog- 
ical band structure. This will yield a stable fractional 
topological insulator of fermions with 9 = j and will 
preserve time reversal symmetry. 

The possibility of time reversal invariant fractional 
topological insulating phases for fermions was posed very 
recently in |12,] that partially motivated this work. The 
specific theoretical construction of such a phase in that 
work also involved a slave particle construction that 
breaks the electron into N fractionally charged 'quarks' 
with an SU{N) gauge redundancy. Each of the N quarks 
were assumed to form strong topological insulators, and 
upon integrating out these quarks, the low energy theory 
was argued to be SU{N) gauge theory with 9su{n) = tt 
and ^c/(i) = tt/N. As that work points out, the flow 
to strong coupling is believed to be confining for these 
quarks. Thus the mean field quark topological band 
structure ansatz does not, in that case, directly describe 
a stable phase. What is the precise low energy fate once 
the SU{N) gauge theory flows to strong coupling? There 
is considerable uncertainty in answering this question due 
to our rather poor understanding of strongly coupled 
non-abelian gauge theories. In the large N limit [18] it 
is known that SU{N) gauge theory at 9su{n) = t^ spon- 
taneously breaks time reversal. Thus at least at large N 



this construction does not lead to a time reversal pro- 
tected topological insulator. The situation is less clear at 
small N . However, if time-reversal symmetry is not spon- 
taneously broken and there is a bulk energy gap, then our 
argument requires that the theory possess ground state 
degeneracy on T3 and fractionalized excitations. One way 
this may happen is if the theory enters a Higgs phase that 
leaves unbroken the Z^ center of SU{N), similar to our 
construction. 

We have studied a number of questions surrounding 
correlated topological insulators in interacting bosonic 
and fermionic systems. Such insulators admit the possi- 
bility of having fractional 9/tt while preserving time re- 
versal, as suggested in [13 . We showed that this requires 
the presence of deconfined fractional excitations in the 
bulk and associated ground state degeneracies on topo- 
logically non-trivial closed spaces. We also showed that 
even repulsive bosons could form topological insulators 
with time reversal protected surface modes. This was 
illustrated with a concrete example of a time reversal in- 
variant Z2 fractionalized phase of bosons with fractional 
d/n — 1/4, degenerate ground states on the three-torus 
Ta, and protected surface states. 

While our results show that fractional topological in- 
sulators are necessarily fractionalized in the more general 
sense, the converse is of course not true: fractionalized 
phases need not have fractional 9/tt. We also conjecture 
that there are no non- fractionalized phases of bosons with 
9 = TT based on the intuition that one must always have 
fermionic excitations in the spectrum to achieve a topo- 
logical insulating state. This remains an open question. 

There are a number of directions for future work. It 
would be interesting to identify some candidate materials 
where bosonic topological insulators might be realized. 
To that end it might be useful to reinterpret them as pos- 
sible phases of insulating spin- 1/2 quantum magnets with 
conserved 5'^. In that incarnation they correspond to 
gapped Z2 quantum spin liquids with protected gapless 
surface modes. More generally, correlated phases with 
interesting protected surface modes are likely to support 
a rich set of phenomena that will hopefully be explored 
in detail in the future. 
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